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pc?,rametzrs a r e  constailis within a given region but cliaiige i n -  

t o  df!'.Cere;Tt cons t an t s  f o r  adjacent  regions.  The mul t ip l e  

regioi1s 0.; such a system inay be ideiitif'ied w i t h  d i s c r e t e  i n -  

t e r v a l s  and i t  i s  a simple mat te r  t o  o b t a i n  t h c  system res- 

ponse b:r the  method oi' i n t e g r a l  equat ions .  These s o l u t i o n s  

m e  given i n  the form o f  convergent i n f i n i t e  s e r i e s ,  t he  
t - s  

t 

tzrrms of' ::iiich may Se e a s i l y  eva lua ta3  by a d i g i t a l  computer. 

T k  time i:?terval cf each region i s  Pound by s u b s t i t u t i n g  

siicccssivz values  O C  these  t runca ted  s e r i e s  unti?.  the  requiia- 

zd bovxdary condi t ions  a r e  s a t i s f i e d .  The method i s  app l i ed  

t o  a t h i r d  o rdz r  type two system whose sus ta ined  o s c i l l a t i o n ,  

rrhei? subjzc ted  t o  dry f r i c t i o n ,  i s  t o  be e l imina ted  by dead- 

zoile compensation. The system has four  rcC;ions r J i t h  d i f f e r -  

z n t  paramctcrs for each rcgioi? of  the d i f i ' e r e n t i a l  equat ions 

which a r c  converted i n t o  Vol tc r ra  - - -. i n t e g r a l  cqiiations of  the 

second kiiid. Thc var iab lcs  2rc i t e ra ted  ti i thii i  the  

corr;putcr\ u n t i l  a convergent s o l u t i o n  i s  rocnd f o r  thc condi- 

t i o n  of sus ta inzd  o s c i l l a t i o n .  Procedures ari3 given t o  d e t e r -  

m f n c  c r i t i c a l  values of dcadzzonc. for various rarm rates a t  
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c which the sys tem i s  s t a b l e .  4 0  T L I O  < 

'F*kmtd 
In t roduct ion  

I n  automztic c o n t r o l  systems many n o n l f n e u i t i e s  a r e  

a c t u h l l y  piece-wise liiiekr9 or can be approximated a s  mah. 

It 1s t h e  purpose of this paper t o  analyze systems of this 

type by the  s o l u t i o n  of t h e i r  corresponding i n t e g r c l  equa- 

t i o n s .  The method becomes p n t i c u l a r l y  advantageous through 

the use of d i g i t a l  computers. 

Piece-wise - Lineam Elements 

A piece-wise l i n e a r  element i s  shown i n  Figure 1 where 

qjj the output  of the j t h  element, i s  a. l i n z a r  func t ion  of 

2n i npu t  c w i th in  esch of I d i f f e r e n t  i n t e r v a l s .  I f  

C j,I-l--- L C  j / c  -- j,i' then 
J 

= N . ( c . )  = kj , i  + yjgicJ9 i = 1,2,"' 9 1. (1) 'j J J 

= constznt  ga in  and o f f s e t  r e spec t ive ly ,  jii' k j , i  
where y 

= s t a r t i n g  po in t  of i t h  i n t e r v a l ,  JJ-1 C 

t C = end point  of i t h  i n t e r v a l  
j,i 

j = index f o r  a p a r t i c u l a r  piece-wise l i n e a r  

element 

and i = index f o r  a p a r t i c u l a r  l i n e a r  piece of 

t h e  element. 

It i s  seen t h a t  t h i s  r ep resen ta t ion  i s  inadequate i f  the 

n o n l i n e a r i t y  r e s u l t s  from, Tor in s t ance ,  h y s t e r e s i s  given i n  

the  example. However t h i s  does not  a f f e c t  the g e n e r a l i t y  of 

the concept. 

\ 



The Piece-wise Linear  Systcm 

Consider a piccc-wisc l i n e a r  system a s  shown in Figure 

2. The piccc-wise l i n e a r  clcrnznts present  a r c  denoted by 

N, and U, ( j  = 091jw**,J) and the  l i n e a r  elements are d2- 
J J 

noted by the operators G ( p )  aild H ( p )  whcrc p ==. The 5 5 
generality of the conccpt i s  maintained hcrc a l so ,  a l though 

f o r  c l a r i t y  no clcments haw been i n s c r t z d  bctwccn e j and 

j+l 

From Figure 2 t h G  following forinulaz can be obta ined:  

J 

Thc picc;.-?Jise l i n e a r  clLmcnts U e h a w  s i m i l a r  chara- 
J 

ThGrcfori.., 3’  c t d r i s t i c s  t o  N 

By combining cquat ions (1) - (4)  onc ob ta ins  

3rom cquat ions (3) and (4)  



c Equation (6)  i s  a recurs ion  r e l a t i o n  from which cj+l may be 

reduced t o  a func t ion  or co9 t h u s  equat ion (6)  becomes 

If 5 = J-1 i n  equatioil ( 7 ) ,  then  cJ can be obtained i n  

terms of  co.  Subs t i t u t ing  equat ion (7) f o r  c and cj+l i n  

equat ion (5) a l i n e a r  dii'Terentfa1 equat ion v i t h  co as the 

dependent va r i ab le  can bc w i t t e n  i n  the 2ollowing form: 

J 

where the c o e f f i c i e n t s  An m e  fLlnctions 0:; yJ , i3  r j , i ,  and 

the parameters i n  G.(p) and H ( P ) ~  while the fo rc ing  func t ion  

f' (t) a l s o  depends on tb.2 above pzrameters, as wl l  as 

and the input  r. K J 3 i .  

J 5 
k j J i ,  0 

It can be shown t h a t  the general  form of eqimtion (8) 

w i l l  be 

where j = 0 ;  1, 2;** J. 

Equa'cfons (8) and (9) a r c  l i n e a r  d i fCcren t i a1  equat ions 

r:ith cons tan t  c o e f f i c i e n t s  cnd a s  such can be solved by 

s tandard  methods. However, f o r  every change in any parameter 

i t  bkcomes ncccssary t o  find new r o o t s  of' thc cqi:ations, and 

to dctcrminc the n a r b i t r a r y  cons tnnts  by so lv ing  t h e  n 3: n- 

: n c ? t r i x  o f  the n t h  ordcr  equation. This of'ccn i s  Rot con- 

v e n i m t  c s p c c i a l l y  if the ecpa t ion  i s  of  h igher  ordcr .  To 



e l imina te  the  s t e p  of f inding the  rootsg the equations are 

changed t o  i n t e g r a l  equations and solved as  such by an 

i t e r a t i o n  procedure. 

Solu t ion  of Volterra I n t e g r a l  Equation 

Equation ( 9 )  may be t ransforned i n t o  a Vo l t e r r a  Equa- 

tion(')* o f  t he  second kind a s  i'ollows 

t 
C j ( t )  = - J K(t-A)c.(h)dh + F (t) 

0 3 3 
where c .(t) i s  the dependent v a r i a b l e ,  

J 
S ( t - A )  i s  t h e  kernel  o f  the i n t e g r a l  e q ~ a t i o n ,  

and F . ( t )  i s  the forc ing  Function. 

It can be proved t h a t  the I:eiynel of equat ion (8) is 
J 

and the fo rc ing  func t ion  i s  

(p) are i n i t i a l  condi t ions .  Let t h e  s o l u t i o n  o f  ulzere the c Jo 
t he  i n t e g r a l  equat ion be o f  the  form (2) 

t 

A=O 
C j ( t )  = F j ( t )  + J L(t-h)Fj(h)dh, 

(t-")+...+ B om +... . 
L ( t - h )  zz Bo + B1 m m! 

From Appendix A t he  equetion which determines the coef- 

f i c i e n t s  Bm is 

* See r e fe rences  a.t t h e  end of t h e  paper. 



6 0 0 0  n + m l  
m=O ? B lil om+ m. n=O 7 A ( t - h ) " , +  n n. n=O 2 m=O C A B  n m -%=O. n+mt 

I f  the paramcters Ail a r e  givcn i n  equat ion ( 9 ) ,  the  para- 

meters Bm are  found by s e t t i n g  the c 3 e f f i c i e n t s  of  equal 

powers z f  ( t - A )  t o  zero.  

t a fncd  f m m  equat ion (11). 

Thus L(t-A) i s  known and c i s  ob- 
j 

It can be proved that L(t-A) i s  

a convcrgent i n f i n i t e  scr i i . s .  

Computer Procedure 

Although the  kzrne l  K ( t - A )  is t h e  same f J r  a l l  j wi th in  a 

p a r t i c u l a r  time in tGrval  ye t  F ( t )  depends on a p a r t i c u l a r  j J 
and i t s  i n i t i a l  condi t ion.  Equations (11) - (13) give t h c  

s o l a t i o n s  c (t), ( j  = 0, 1, * * * J )  s inc?  t h z  kc rnc l  K ( t - A )  and 

t h c  fo rc ing  func t ion  F ( t )  a r e  known f o r  each i n t e r v a l  
5 

5 
i n  Figure 1. The computation s t a r t s  wi th  J J i  c c  4 j,i-l- j C 

a t r i a l  value of thc upper l i m i t  t = tl of  the i n t e g r a l  i n  

equat ion (11). 

computed value o f  c ( t l)  should be with in  thc al lowable 

piece-wise l i n e a r  range, i . c .  

For t h i s  p a r t i c u l a r  t i m e  i n t e r v a l  tl the 

j 

Tlic time i n t e r v a l  is increased  u n t i l  t h c  opcn i n t a v a l  

i n  equat ion (14) ceases  t o  hold f o r  any j ,  (j=O91*-.J). 

a t i m e  i n t e r v a l  t2 should bz f m n d  such tha t  e i the r  c . ( t2) 

Then 

J 
a t  i t s  upper 

j , i  
Y a t  i t s  lower  bound o r  c ( t 2 ) %  c - cj , i - l  3 
bound. The cnd condi t ions  a t  t = t2 should b.2 computcd so 

t h a t  a now fo rc ing  func t ion  F ( t )  and a nilw kc rnc l  K(t-A) 3 



. 
can bc: obtained.  Thz computation procedurc m y  be rzpcatzd 

u n t i l  c e r t a i n  dcs i r ed  s o l u t i o n s  a r e  found. 

Thi rd  Order Piece-wise Linear  System 

A n  example i s  given here Tor the case of  a t h i r d  order  

piece-wise l i n e a r  system t o  be compeiisated by a dead-zone 

before  t h e  i n t e g r a t o r  as shown i n  Figure 3. 

With an i n t e g r a t o r  i n  8 t h i r d  o rde r  type two system, i t  

has becn found t h a t  sustained o s c i l l a t i o n  o c c w s  when t h e  

systeni i s  subjected t o  dry  f r i c t i o n  and zero i npu t .  (3) 

o rde r  t o  clirninate t h i s  o s c i l l a t i o n ,  i t  i s  t i i m  necessary 

t o  cliaiigc from a th i rd  o r d e r  t o  a second o rde r  system by 

in t roducing  a dcad-zone. ("1 
s t a n t  whenever tlic Crror  c' Talls  vlithin the  regioil - ' i  e i s  

sus t a inzd  o s c i l l a t i o n  can Sc el iminated by a d e q ~ a t c  damping 

i n  a second o r d e r  system. 

I n  

As t l x  output w remains con- 

Let t h e  ga in  K be uility and thc  inpu t  P bc a t .  From 

thc block  diagram wc have 

Q = T d 5 + C + W - K , b  (15) 

(16) E = Q - f ( 6 )  = -e> 

2nd & = a - & .  (17) 

.. 

I n  thi: rzg ion  of  motion the f r i c t i o n ,  cxpresscd a s  f ( & ) ,  i s  

a c t m l l y  independent of t h 2  v c l o c i t y  & and 2.ssumcs a con- 

s t a n t  veluc f(&) = @ as shown i n  Figure 4.  Combining a l l  

th2 zbovc equat ions,  the s:'stern w i t h  k i n c t i c  f r i c t i o n  bc- 

corncs 



(18) 
.. 
5 + (KvYrd)& + e = - I '+Kv~ + c j  for 6 # CI 

The e r ror ,  e ,  is used as t h e  dependent v a r i a b l e  here  i n -  

stead of t h e  output c ,  t o  f a c i l i t a t e  computation. 

At the po in t  of  irnpeiidinZ motion Q9 e ,  ai2d W have the 

values  : 

0, = e,> e = eo3 and W = Wo2 ( 1 9 )  

By s u b s t i t u t i n g  the above valzes i n t o  equat ion (15) (wi th  

6 = 0) one obta ins ,  

Wo = f5, - Tdeo - eo - ( 2 0 )  

From Figure 3 it i s  observed that  the eirpression f o r  W 

f n  equat ion (18) will depend v.pon the value o f  e ES cornpared 

t o  l1. A sketch o f  the dead-zone and i n t e g r a t o r  o u t p u t  i s  

given i n  Figure 5. 

i n g  equat ion appl ies  t o  tlie i n t e r v a l  O< t < tTrj 

From equztion (18) and Figure 5 t h e  follow- 

2L 

. t 
I (e-'ii)dt - IJo + Kvci + e.  (21) 

1 Z + (Kv+Td)& + e = - - 
Ti o 

f o r  e=.'ri and 6 f a ,  

For the i n t e r v a l  tTF4 tdt  

and one ob ta ins  

the error i s  within the dead-zone 
4L Y' 

+(Kv+Td)& i- e -b!, b-7 - wo + KvG -k p, ( 2 2 )  
.IL 

f o r  I el< '11, and 6 = ci , 

where 

For the i n t e r v a l  t <t<t,, t h e  i n t e g r a t o r  s ta r t s  funct ion-  

i r g  aga in  and equat ion (13) becomes 
Y 



t 
2 + ( K ~ + T ~ ) ~  + e = - - (c+9)dt - Wt - Wo + Kva 4- p,  

X 
(24) Y Ti t 

f o r  e4-11 and 6 # G .  

The s e r i e s  s o l u t i o n  f o r  a t h i r d  o r d e r  system by t h e  method 

of i n t e g r a l  equat ions i s  given i n  Appendix B. I n  Appendix 

C both t h c  ke rne l  and forc ing  func t ion  o f  the i n t e g r a l  equa- 

t i o n  corresponding t o  t h i s  t h i r d  o r d e r  piece-wise l i n e a r  

system a s  g i v m  by equations (21) - (24) are determined. 

Determination of  boundary condi t ions during the per iod o f  

s t s t i c  f r i c t i o n  is. i l l u s t r a t e d  i n  Appendix D. 

Method of Computation 

The fol lowing parameters provide an example for d e t e r -  

mining c r i t i c a l  values  o f  the dead-zone a t  which the system 

would be s t a b l e .  

i s  the c r i t i c a l  value o f  damping f o r  a second o rde r  system. 

The c o e f f i c i e n t  KV+Td i s  set  a t  2.0, which 

The i n t e g r a t i o n  cons tan t  Ti i s  set a t  2.5. 

Computation of  the  i n f i n i t e  s e r i e s  obtained from t h e  

so lu t io i i s  o f  equat ions  (21) through (24) i s  accomplished w i t h  

the a i d  of an I.B.M. 650 computer. With an a r b i t r a r y  value 

o f  the i n i t i a l  e r r o r  eo, values a r e  ass igned t o  the ramp 

r a t e  a and the  dead-zone s e t t i n g  ‘1 s o  t h a t  the systcm w i l l  

o s c i l l a t e .  I n  o rde r  t o  s a t i s f y  the condi t ion  of e= ‘ 4 7 ,  a 

s u i t a b l e  time i n t e r v a l  At i s  chosen and all the values  o f  

C, 6, e and Wt 

If e i s  not  g r e a t e r  ’41 then the time i n t e r v a l  i s  doubled and 

a r e  computcd a t  t h e  end of  the f i r s t  reg ion .  
x 



8 a l l  o f  thc above values  are r eca l cu la t ed .  T h i s  procedure 

cont inues u n t i l  e i s  g rca to r  than  "1 a t  som? t i m e ,  m A t ;  

t hen  the t i m e  i n t e r v a l  is decreased t o  (m-1)At. 

f r a c t i o n  of A t  i s  added t o  (m-1)At  and the  computation con- 

t i n u e s  as  before u n t i l  a time i s  found a t  which e * ?. With 

Here, a 

the f i n a l  values  of t he  second rcgiDn as the i n i t i a l  values  

f o r  the t h i r d  region,  the computations f o r  the t h i r d  reg ion  

, i s  i d e n t i c a l  t o  the 
etf 

te rmina tes  when the  e r r o r  r a t e ,  

ramp rate ,  a ,  a t  which p o i n t  the  output  of the system e n t e r s  

t h e  region of  no motion ( s t i c t i o n ) .  

Because the parameters a r e  ass igned sv.ch t h a t  sus ta ined  

o s c i l l a t i o n  w i l l  r e s u l t ,  t h e  a c c e l e r a t i o n  a t  t = tf w i l l  have 

a value o t h e r  then zero .  However, s ince  the system has come 

to rest ,  the a c c e l e r a t i o n  jumps t o  zero a t  t h i s  poin t  and a 

d i s c o n t i n u i t y  r e s u l t s .  

t o  compute t h e  value of e2 i n  Figure 6. 

cyc le  i s  repea ted  with a new i n i t i a l  e r r o r ,  c2, u n t i l  the 

At t h i s  p o i n t  equat ion  (D7)  i s  used 

If e2 # eo then  the 

e r r o r  a f t c r  n cyc les  becomes e2n = e2(n-1). 

s t a t e  has been reached, the acce le ra t ion ,  Et , i s  comparod 

t c ,  zcro.  I f  t h e  acce le ra t ion  C! # 0, then  the dead-zone, 

When th;. steady- 

f 

t, 
;i, i s  gradual ly  increased  u n t i l  f i n a l l y  the values  o f  3 = 0, 

t.P 

Btf  = a and e2* - a r e  found. - e2(n-1) The dead-zone s e t t i n g ,  

'4, which produces these  values  of a c c e l e r a t i o n ,  e r r o r  ra te  

and error i s  the c r i t i c a l  s e t t i n g ,  qCr, f o r  the p a r t i c u l a r  

ramp rate ,  beyond which no sus t a ined  o s c i l l a t i o n  is poss ib l e .  



Figure 7 g ives  t h e  p l o t  o f  t: / 6  vs. q/6. The c r i t i c a l  
t+- A 

p o i n t s  for 9cr/6 a r e  the values o f  2;/6 when Et  /6 = 0. The 
f 

t r u n c c t i o n  of  t he  i n f i n i t e  series f o r  the purposc of  compu- 

t c t i o n  0 c c u . r ~  whenever a term i n  thc s e r i c s  i s  found t o  be 

zero  for t e n  d i g i t s  i n  the accuniulator of the computer. The 

smal lc r  t h c  dead-zone t h e  l e s s  the number of  terms rcqui rcd .  
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APPENDIX A 

Solution of Integral Equation by Iterated Kernels 
It can be shown that the series of iterated kernels (2) 

in equation (11) is 
bo 

L( t-A) = n& ( -l)"Kn(t-h), (Al) 

where the iterated kernel is de.fined as follows: 

Kl(t-A) = K(t-h) , 
h=t 

afid K n (t-h, - 1) = J 

Substituting equation ( A 2 )  into equation (Al) gives 

K(t-h)Kn_,(h-hn_,)dh, n=2,3,***.(A2) 
h=h,,l 

The kernel of equation (10) can be expanded in an infinite 

series of the form 

Substitution of Equations (12) and (A4) into (A3) yields 

B (t-hZm+2 A (t-h)n " - 9 ,  m=O m m. n=O n n! 
n o 0  

Q = A ,(t-hl) C B d h l  . (A6) n=O n n. m=O m m. where 
h1=h 

The integral in Equation (A6) may be expressed in terms of 

Beta and Gamma functions. The result is equation (13). 



APPENDIX B 

S e r i e s  Solu t ion  f o r  a Th i rd  Order System 

I f  the o r d e r  of the  o r i g i n a l  d i f f e r e n t i a l  equat ion i s  

not  higher  than  three then  the  ke rne l  i n  equat ion (Ab) can 

be choscn so t h a t  i t  has parameters Ao, A 1  and A 2  which are 

nonzero q u a n t i t i e s  and 

-An = 0 "5 = ----- n3 = A 4  = 

By expanding the terms i n  equat ion (l3), and equat ing the 

c o e f f i c i e n t s  of l i k e  powers of ( t - A )  t o  zero one o b t a i n s  

A 0 + $ = O  , 
A 1  + 131 + AoBo = 0 

A 2  + BE + AoBl + AIEo = 0 

, 
, 

Bm + 'oBm-l + AIBm,* + A2B m-3 = 0, m = 3 ,4**-  (B2) 

Equations (B2) can be solved r e c u r s i v e l y  for Bm. 

It remains t o  be shown tha t  the s o l u t i o n  i n  cquat ion  

(11) i s  an i n f i n i t e  s e r i e s  if F ( t )  i s  chosen t o  conta in  

f i n i t e  powers o f  t such as  

(E31 t2 F ( t )  = bo + b i t  + b2 2 
S u b s t i t u t i o n  of' eqcat ions (12) and (B3) i n t o  (11) 

y i e l d s  

In te rchanging  summation and i n t e g r a l  s igns ,  and i n t e g r a t i n g  

the terms i n  equat ion (a) by p a r t s ,  the following i n f i n i t e  

series r e s u l t s :  



. 

I n t e g r a t i n g  and c o l l e c t i n g  l i k e  powers of  t, the s o l u t i o n  

f o r  e ( t )  becomes, 

APPENDIX C 

Detcmnination o f  Kernel and Forcing Function 

Solving f o r  6 from equat ion (21), i n t e g r a t i n g  term by 

term, and s u b s t i t u t i n g  e = 

t t  - -  I I I (c,-'ll)dtdt + rn 
U 'i 0 0 

t 
+ J edt ,  one ob ta ins  

6 d t d t  - - J 1 edtdtdt  

eo 0 
t t t  

0 0 

(-Wo+K V a+@-eo)t + go . 
The double and t r i p l e  i n t e g r a l s  can be changed t o  a s i n g l e  

i n t e g r a l .  Equation (10) has the kernel  

and the f o r c i n g  func t ion ,  

( eo-'ii) t2 (c3) F ( t )  = eo + (-Wo+Kva+B-eo)t - - 1 
2Ti 

Cornparing equat ion  ( ~ 2 )  t o  equa t ion  ( ~ 4 ) ,  t 1 - x  parameters 

become 

Comparing equat ion ( C 3 )  t o  equat ion (B3) ,  onc o b t a i n s  



-q)* ( c 5 )  = d,, bl = ( -Wo+Kva+f3-eo) and b p  =I -3 7 1 (eo- 

The s o l u t i o n  of equation (22) i s  obta ined  i n  the same 

S i m i l a r  a n a l y s i s  leads t o  manner a s  t ha t  o f  equat ion (21) .  

A, = Kv + TdJ A 1  = 1, A2 = 0, (c6)  

= 2  , bl = (-Wt -Wo+Kva-tf3-e ), b2 = 0, ((7) 

as parameters o f  the kernal,  and 

tx X 

a s  paramctcrs of  the forc ing  func t ion .  

For the i n t e r v a l  t <t<tp,  the v a r i a b l e  D f  i n t eg ra -  Y 
t i o n  i n  equat ion (24) i s  changed t o  

7 = t -  tTr ' ( C W  
Y T 

S u b s t i t u t i n g  e = I 6d.r + e , where 

tha t  the ke rne l  remains t h e  same a s  
0 tY 

ever ,  the parameters of  the  f 3 r c i n g  

bo = et , b l  = -Wt - Wo + KVa+B + 
s x 

APPENDIX D 

et 
i n  equat ion (C2). How- 

- - - ri, it i s  found 
Y 

f 'unction become 

Boundary Conditions During Period o f  S t a t i c  F r i c t i o n  

I n  o r d e r  t o  determine the i n i t i a l  e r r o r  f o r  thc next 

cyc le  i t  i s  necessary t o  f ind  the t0rqu.e while t h e  output  i s  

a t  res t .  From Figure 5 and cquat ion (15) o m  ob ta ins  

T 1 T1 1 
Ti 0 Ti T~ f 

Q = Tda 4- - J (e+ '11)dT + -  f ( e -  &l)dT + e + Wt , (Dl) 

f o r  & = 0 and hence k = u .  

value of  W a t  T=O. Let t h e  valuc o f  E a t  T=O be Et which 

can bc computed by t h c  method of  i n t e g r a l  equat ions.  From 

The term Wt i s  the i n i t i a l  
f 

f 

equat ion (16) we have 



. Q = e  
The charge on thc i n t e g r a t o r  

(Dl) and (E) as 

Figure 5 shows 

T, t hus  

+ 2tf 
i s  determined by equat ions 

- Tda - 
t ha t  the error e i s  a l i n e a r  func t ion  of t i m e  

L ? = C  + a T  . 
to I 

S u b s t i t u t i n g  equat ions (D2) (m) i n t o  equat ion (Dl) , in -  

t e g r a t i n g ,  and s e t t i n g  thc torque Q t o  p+6 a t  t h c  po in t  o f  

inlpending motion (when T = T 3 ) ,  t h e  a c c e l e r a t i o n  Et be- 
f 

1 T2 = -6 + aT3  + - [ ( c ,  + ;;)TI + a 21 
T4 r 

- 

From equation (D5) and the fol lowing r e l a t i o n s  obtained from 

Figurc 5, 

-51 = e + aT1, 11 = + aT2,  
tf 

i t  can be shown that 

The i n i t i a l  e r r o r ,  e a ,  f o r  the next 

computed when i=' and c' a r e  known t, t, L I 

condi t ions  of sus ta ined  o s c i l l a t i o n ,  

cyc le  of motion can be 

i n  equat ion (I)?). Under 

the e m o r  e2 i s  equal  

t o  the error cG i n  Figure 5. 
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FIG. 1 .  PIECEWISE LINEAR ELEMENT 

(jtA ELEMENT) 
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FIG.  4 ,  F R  I CTf ON CHARACTE RI S T K S  



I 
t x  

I 
t Y 

FIG. 5. DEAD-ZONE ERROR AND 

INTEGRATOR OUTPUT RESPONSE 
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